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Abstract
A special interest in Plasmon mode resonance in toroidal nano-particles where a full and
comprehensive analytical investigation is presented for different toroidal nano-structure
within the quasi-static approximation. Then the optical response of gold nanorings and
the associated near-field mapping when exposed to a broadband electromagnetic wave were
obtained by the implementation of numerical methods to solve for the transient response.
The numerical and analytical investigation lead to the design of an optical nano-trapping
system and the identification of strong coupling interaction between toroidal plasmons and




1 Introduction to Surface Plasmons 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Plasmon Modes in Confined Geometries . . . . . . . . . . . . . . . . . . . . 2
1.3 Toroidal nano-structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Outline of this dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2 Toroidal Nanostrucutres in External Fields 6
2.1 Toroidal Coordinate System and Useful Mathematical Techniques: . . . . . 6
2.1.1 Toroidal Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8






. . . . . . . . . . . . . . . . 8
2.1.3 Relevant recurrence relations . . . . . . . . . . . . . . . . . . . . . . . 9
2.1.4 Useful Expressions and Expansions . . . . . . . . . . . . . . . . . . . 9
2.1.5 Determinant of a tridiagonal matrix M . . . . . . . . . . . . . . . . 11
2.1.6 Green’s function Technique For Solving a Second Order Three term
difference Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2 Dispersion Relations and Continued Fractions . . . . . . . . . . . . . . . . . 15
2.2.1 Scalar potential of the electric field . . . . . . . . . . . . . . . . . . . 16
2.2.2 Dispersion relations for an isolated ring . . . . . . . . . . . . . . . . 18
2.2.3 Toroidal void modes and The Sum Rule . . . . . . . . . . . . . . . . 35
2.2.4 Gold and Silver nanorings resonance frequencies vs aspect ratio . . . 36
2.2.5 Dispersion Relations by Perturbation Theory . . . . . . . . . . . . . . 36
2.2.6 Dispersion Relations for Janus Particle . . . . . . . . . . . . . . . . . 47
2.3 Optical response of a Torus in an external field . . . . . . . . . . . . . . . . 52
vi
2.3.1 Scattering of an arbitrary polarized external field . . . . . . . . . . . 52
2.3.2 Electric field at the center of the toroidal channel . . . . . . . . . . . 64
2.3.3 Optical response of gold nano-ring and Near field visualization using
numerical methods (FE and FDTD) . . . . . . . . . . . . . . . . . . 69
3 Trapping rings for cold polar molecules 73
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.2 Trapping systems history in the literature . . . . . . . . . . . . . . . . . . . 74
3.3 Field distribution and scattering properties of toroidal particles . . . . . . . 77
3.4 Electromagnetic trapping with nano-rings . . . . . . . . . . . . . . . . . . . 82
3.5 results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
4 Strong Coupling 93
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.2 Absorption spectra of the J-aggregate dye molecules: . . . . . . . . . . . . . 94
4.3 Toroidal plexcitons: J-aggregates adsorbed on gold rings . . . . . . . . . . . 96
4.3.1 Resonance Modes of the strong coupling interaction: . . . . . . . . . 96
4.3.2 Significance of Double Rabi Split . . . . . . . . . . . . . . . . . . . . 97
4.4 Gold Nanorings residing on J-aggregate coat on a glass substrate: . . . . . . 101
4.5 J-aggregate emitter adsorbed on the surface of a neutral sphere at the center
of a gold nano-ring: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5 Plasmon Interaction with Quantum Dots 105
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.2 Modeling quantum dots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
5.2.1 Two level system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
5.2.2 Four level system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.3 Numerical Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
5.3.1 Two level system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
vii
5.3.2 Four level system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110






Introduction to Surface Plasmons
1.1 Introduction
The main topic of this dissertation is the study of the surface modes which is from the
point of view of solid state theorist is the effect of a many body system. However, we can
have a good understanding of these surface modes without using the Many-Body theory
by only determining the electromagnetic fields that are solutions to Maxwell’s equation
associated with the appropriate boundary conditions at the surfaces and interfaces. To be
more specific we are mainly interested in studying the surface modes of structures with
dimensions in the order of 100nm. In such small structures most of the atoms and electrons
belong to the surface and thus the electromagnetic response is dominated by the surface
properties of these geometries rather than the bulk atoms. Surface Plasmons are the result
of the propagation of electromagnetic waves along metallic surfaces of infinite geometries
such as metallic films (Propagating surface Plasmons) or the result of electromagnetic wave
oscillations on the surface of metallic nano-structures such as nano-spheres (Localized surface
Plasmons) supported by surface electron density fluctuations thought of to form a fluid.
These surface bound waves are the result of the coupling of the electromagnetic waves with
the surface eigen-modes of the electron density. For the case of metallic films and despite the
fact that the surface modes have a broad spectrum of eigen frequencies [0, ωp√
2
] depending on
the wave vector ~k it is not possible to excite them by simply shining electromagnetic waves to
the film due to the momentum mismatch of photons and surface plasmons as their dispersion
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relation ω(~k) lies to the right of light line causing the surface plasmons to have a longer
wave vector than light waves for the same energy ~ω. Thus a prism coupling system was
introduced to enhance the momentum of the incident light, as demonstrated by Otto Otto
(1968) and by Kretchmann and Raether Kretschmann and Raether (1968) which is known as
the Attenuated Reflection Method (ATR). On the other hand the Localized surface plasmons
supported by the metallic nano-strucutres can be excited without any coupling system in
fact the curvature of the surface on these nano-geometries allow a natural coupling between
the incident light and the surface eigen-modes of these geometries. In this project we will
investigate the localized surface plasmons supported by metallic toroidal structures and
their possible coupling with non-metallic material. We will also look the near field profile
and suggest possible applications.
1.2 Plasmon Modes in Confined Geometries
Localized surface plasmons are non propagating excitations of the electron conduction band
on the surface of metallic nano-structures. These excitations result from the coupling of
the surface eigen modes with an incident electromagnetic waves. As mentioned in the
introduction the coupling mechanism does not require any wave vector matching system
similar to the case of extended geometries (thin films or slabs). This is a direct consequence
of the curvature of the surface of the geometry where it exerts an effective restoring force
on the electron fluid so that a resonance like response can arise. In fact electronic excitation
at optical frequencies in confined dimensions of metal nanostructures have been the focus of
a great deal of recent investigations. For example, the cross section for Raman scattering
is enormously increased for a molecule that resides on or near a metal nanostructure that
supports surface plasmons. The giant enhancement in the near field of the surface modes
of the nano-structure associated with the collective electronic excitation is responsible for
the observation of the large Raman signal, not achievable by the direct illumination of
the molecule Michaels et al. (1999); Xu et al. (1999); Nikoobakht et al. (2002); Haynes
and Van Duyne (2003). Furthermore, using focused ion beam milling (nano-patterning
and micromachining) and electron beam lithography for shape-controlled manufacturing
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of nanostructure, studies of the dependence of the Raman signal on the geometry of the
hosting nanostructure have been reported Grand et al. (2005). Recently, novel materials are
being created by artificially embedding nanostructures in a matrix of another material as in
a composite to modify the electrodynamic response of the material. Ordered or structured
embedded nanoparticles in metamaterial as in photonic bandgap material, and material with
negative index of refraction rely strongly on the shape of the structures Veselago (1968);
Pendry (2004). Increasingly, the local curvature and geometry of the nanoparticles are being
capitalized on in tip and surface enhanced spectroscopies Dieringer et al. (2006), in spectral
tuning of optical response Halas (2011), in optical antenna Bharadwaj et al. (2009) and
chemical and biological sensing Lee and El-Sayed (2006).
1.3 Toroidal nano-structures
Toroidal nanostructure, or nanorings are the focus of this work. These structures are
currently being investigated for their potential applications in nano-optics Aizpurua et al.
(2003) and metamaterial Marinov et al. (2007). Both metallic and nonmetallic nanorings are
finding important applications. For example while Wang et al demonstrated the fabrication
and application of zinc oxide nano rings in investigating fundamental physical phenomena,
such as the Aharonov-Bohm oscillations in exciton luminescence besides possible use as
nanoscale sensors, transducers, and resonators Kong et al. (2004), Kyuyak et al used the
toroidal channel as a realistic ion channel model important for the conductance of ions in
biological channels Kuyucak et al. (1998). Interestingly, while a plethora of applications
are emerging, early treatment of the toroidal problem has been reported in the context of
plasma modes and stability. Specifically, Tokamak confinement of fusion plasma typically
entails the generation and magnetic containment of a ring of plasma Hinton and Hazeltine
(1976). Toroidal plasma stability and control have been a major focus in the field of hot
fusion research Mukhovatov and Shafranov (1971). These early works that appear to have
been unnoticed by recent investigators, most likely due to a length-scale difference of at least
106, provide much of the necessary mathematical developments.
3
1.4 Outline of this dissertation
Chapter 2 starts by introducing the toroidal coordinate system and the toroidal functions
”Associated Legendre functions of the first and second kind” which appear when solving
Laplace’s equation in the toroidal domain. Relevant recurrence relations for the evaluation
of theses functions and their derivatives are also given with other useful expansions in terms of
Toroidal functions. These expansions are mainly used to express an applied field in terms of
the second kind of the associated Legendre functions. Then we derive the dispersion relations
in the non-retarded approximation, for a single dielectric ring and raising several illuminating
points discussed in the literature, for a single ring residing on a dielectric substrate, for a
coated toroid and for a toroidal Janus particle. The dispersion relations are addressed
using both exact treatment and perturbation techniques. We also provide the analytical
calculations of the scattering cross section and other numerical results obtained using the
finite difference time domain and the finite element method with a focus on the dependence
of the optical properties on the aspect ratio of the ring and the polarization of the incident
wave.
Chapter 3 is presenting a useful application of the electromagnetic field environment
inside the toroidal channel for gold nano-rings in trapping cold polar molecules when exposed
to a circularly polarized infrared laser beam. This work was published in Physical Review
A Salhi et al. (2015)
Chapter 4 presents the strong coupling between localized surface plasmons supported
by gold nano-ring and a special coating material described by a Lorentz dielectric function
and characterized by a very sharp absorption peak overlapping with the toroidal absorption
mode.
Chapter 5 is a progressing work on the response of metallic nano-ring interacting with
a Quantum Dot. We start by describing theoretically the Quantum Dot as a two level one
electron atomic system and then obtain numerical simulations of its interaction with our
gold toroidal nano-structures using the FDTD techniques for the two level and a four level
two electron atomic system.
4




Toroidal Nanostrucutres in External
Fields
2.1 Toroidal Coordinate System and Useful Mathe-
matical Techniques:
Toroidal coordinate system (µ, η, φ) is a three dimensional coordinate system obtained by
rotating the bispherical one around the perpendicular bisector line between the two poles
of an interfocal distance a. Where the variables are defined respectively in the following
intervals : [0,∞[, [0, 2π] and [0, 2π].
The associated scale factors are defined as: hµ = hη =
a
coshµ−cos η and hφ =
asinhµ
coshµ−cos η
The surface µ = µ0 is a torus of radius a cothµ0,with a circular cross section of radius
r = a cschµ0 and aspect ratio AR = coshµ0.












Figure 2.1: Bipolar Coordinate system and the Appollonian Circles
Figure 2.2: Toroidal Coordinate system
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for m = 0 to 4 and n = 2
2.1.1 Toroidal Functions
Toroidal functions also known as the Associated Legendre functions of half odd degree
and with an argument z ≥ 1 are obtained when solving a Dirichlet problem with toroidal
symmetry. In this section we will provide some the relevant properties of these functions
and their recurrence relations that we will be using. The evaluation of the these functions is
based on a uniform asymptotic expansions combined with the recurrence relations over both
degrees and orders to get the whole set of toroidal functions for a wide range of arguments,
orders and degrees (See reference Gil et al. (2000)). This evaluation is computed using a
Fortran code that will be provided in the Appendix.











Legendre functions of the second kind. Both functions have singularities that are crucial in
defining the final solution of the Dirichlet problem in the toroidal domain as we shall see in
the next chapter. Below are some illustrative plots of the toroidal functions.
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2.1.3 Relevant recurrence relations
In this section we will provide few relevant recurrence relations that we have used in the
computation of the derivatives of the toroidal functions Milton and Stegun (1964). Theses
recurrence relations can be divided int two types. The first type is a recurrence relation that
do not change the order of the toroidal functions and the second type is a recurrence relation
that conserves the toroidal function. This is quiet important when we try to compute and
evaluate the toroidal functions as it helps when we fix either the order m or the degree n.






































(z) satisfy the same
recurrence relations.
2.1.4 Useful Expressions and Expansions



























In fact this relation plays a key role in expanding the Cartesian coordinates (x, y, z) as
a function of the toroidal functions since this transformation is required once we need to
include some analytical functions in the Dirichlet problem inside the toroidal domain as we
shall see in the next chapter.
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Expansion of x and y
Now by combing the Cartesian transformations of the toroidal coordinates with the above
expansion and using the absolute convergence of the above series we can show that:
differentiation w.r.t coshµ yields
− sinhµ













Also by Gradstein 8.732, 8.734, and 8.736.4
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The expansion of z was first derived by Love in his paper in 1972 Love (1972), thus we will













2.1.5 Determinant of a tridiagonal matrix M
Expressing a system of equations as a matrix is very common not only to solve the given
system but also to obtain the condition of finding a non trivial solution. For the boundary
value problem that we will be addressing in the toroidal domain this condition correspond
to the dispersion relation as we shall see in the next chapter. Here we provide the analytical
steps of rewriting the determinant of tridiagonal matrix as a continued fraction. Let’s
consider the following matrix M :
M =

βn 0 0 0 0 0 0 0 0 0
αn βn−1 0 0 0 0 0 0 0 0
. . . . . . . . . 0 0 0 0 0 0 0
0 β3 α2 β1 0 0 0 0 0 0
0 0 β2 α1 0 0 0 0 0 0
0 0 0 0 α0 β1 0 0 0 0
0 0 0 0 2β0 α1 β2 0 0 0
0 0 0 0 0 β1 α2 β3 0 0
0 0 0 0 0 0
. . . . . . . . . 0
0 0 0 0 0 0 0 βn−2 αn−1 βn

For non-trivial solutions the matrix M must have a determinant equal to zero. However if






thus the determinant of the matrix M is the product of the two determinants associated
with each sub-matrix: |M | = |MA| × |MB| Each of the two determinants can be expanded
in the form of a continued fraction as follows:
|MA| = α0
∣∣∣∣∣∣∣∣∣
α1 β2 0 . . .
β1 α2 β3 . . .
...
. . . . . . . . .
∣∣∣∣∣∣∣∣∣− β1
∣∣∣∣∣∣∣∣∣
2β0 β2 . .
0 α2 . .
. . . .
∣∣∣∣∣∣∣∣∣






2β0 β2 0 0
0 α2 β3 0
0 β2 α3 β4
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
α1 β2 0 0
β1 α2 β3 0
0 0 β2 α3
∣∣∣∣∣∣∣∣∣
Now expanding the determinant of the two matrices in the numerator and in the
denominator. In the numerator we have
∣∣∣∣∣∣∣∣∣
2β0 β2 0 0
0 α2 β3 0






and in the denominator we have∣∣∣∣∣∣∣∣∣
α1 β2 0 0
β1 α2 β3 0





















By repeating the same expansion we end up with the following expression for the determinant
























+ . . .
(2.12)





















+ . . .
(2.13)
Seen the properties of a continued fraction only numerical methods can be employed to solve
it.
2.1.6 Green’s function Technique For Solving a Second Order
Three term difference Equation
In this section we would like to provide a sketch of the solution of the second order difference
equation. This technique was first implemented by Love in 1972 Love (1972) and then reused
by Kuyucak in 1998 Kuyucak et al. (1998). The relevance of this technique is its frequent
use when solving boundary condition problem in the toroidal domain as we will see that
for several boundary value problems the satisfying conditions are reduced to a second-order
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difference equation. Let’s assume that we have a three term difference equation:
An+1 − anAn + An−1 = λn+1 − 2 coshµ0λn + λn−1 (2.14)
The corresponding Green function satisfies this following equation for each value N :
Gn+1,N − anGn,N +Gn−1,N = δn+1,N − 2 coshµ0δn,N + δn−1,N (2.15)






The next step is the construction of the Green function. We will start by solving the
homogeneous equation:
Gn+1,N − anGn,N +Gn−1,N = 0 (2.17)
An asymptotic study of the above equation when |n| → ∞ and for a fixed toroidal surface
labeled by µ0 we get





























an−4 − · · ·
≡ βn−1 (2.20)








Permitting a simple method for their calculations by iteration. Next using the invariance






under n→ −n we can show that αn = β−n
and therefore we only need to calculate one set of the coefficients. By substituting the
obtained expressions of the Green function back to the non homogeneous equation we can





(aN − αN+1 − βN−1)
{(2 coshµ0 − αN+1 − βN−1)δn,N
+(2 coshµ0 − aN)[θ(n−N)
n∏
k=N+1





2.2 Dispersion Relations and Continued Fractions
In this section we derive the dispersion relations of the surface modes for different toroidal
structures and configurations. Nonretarded electrodynamics within the local dielectric
approximation is assumed to obtain the plasmon dispersion relations and resonance modes
for metallic nanorings in the absence of any external perturbations. The small size of the
studied structure compared with the wavelength of the incident wave justify the validity of
the non-retarded approximation when solving for the surface modes. Unlike normal modes
in other geometries, the toroidal solutions exhibit a distinct forward and backward coupling
in the amplitudes of the resonant modes.
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Interestingly, while a plethora of applications are emerging, early treatment of the toroidal
problem has been reported in the context of plasma modes and stability. Specifically,
Tokamak confinement of fusion plasma typically entails the generation and magnetic
containment of a ring of plasma Hinton and Hazeltine (1976). Toroidal plasma stability and
control have been a major focus in the field of hot fusion research Mukhovatov and Shafranov
(1971). These early works that appear to have been unnoticed by recent investigators,
most likely due to a length-scale difference of at least 106, provide much of the necessary
mathematical developments. To the best of our knowledge up today an accurate and
comprehensive account on the toroidal eigen-modes response is not available. Furthermore,
there are discrepancies in what has been reported about the dispersion relations that we are
going to address in details, obscuring the use of the reported results for applications of current
interest in nanoscience. In order to obtain the plasmon dispersion relations for nanoring, we
begin by solving the Laplace equation in the toroidal domain. A general expression may be
obtained by satisfying the usual quasi-static boundary conditions.
2.2.1 Scalar potential of the electric field
In the toroidal coordinate system (µ, η, φ) with µ ∈ [0,∞[, η ∈ [0, 2π] and φ ∈ [0, 2π], a
given torus defined by µ = µ0 has a radius a cothµ0 and a circular cross section of radius
a coshµ0 and aspect ratio γ defined as γ = coshµ0.
The problem can be stated as a boundary value problem in toroidal coordinates. In the
wave equation we assume (c→∞, c is the speed of light), which reduces the wave equation
to Poisson’s equation. Assuming there is no external charge densities, the Poisson’s equation
reduces to Laplace’s equation
∆Φ(r) = 0 (2.23)
and write down a formal solution for Φ.
As discussed in Morse and Feshbach, Laplace equation in toroidal coordinates separates
only by setting Φ = W (µ, η)ψ. The factor W is the weighting function defined by
W (µ, η) =
√
coshµ− cos η necessary to use the separation of variable method for this
16



















ψ = 0 (2.24)
with ψ = M(µ)E(η)F (φ) which seperates onto the following three equations:
∂2F
∂φ2
+m2F = 0 (2.25)
∂2E
∂η2











− (n2 − 1
4
)M = 0 (2.27)
Below are the respective solutions of the obtained differential equations:




[Am cos(mφ) +Bm sin(mφ)] (2.28)
∞∑
n=0


















functions are the associated
Legendre functions of the first an second kind, more about their properties and some of the
useful recurrence relations can be found in Chapter 2.





[Am cos(mφ) +Bm sin(mφ)]










The obtained general solution can be simplified by excluding non physical solutions for
our system. Naturally two regions should be considered the inside and the outsie of the




has a singularity at µ → ∞ corresponding to the inner part of the torus and Qm
n− 1
2
has a singularity at µ→ 0 corresponding to the outer region of the torus. Also, taking into
account the fact that our solution is orthogonal with respect to φ , the electrostatic potential
for the inside and outside of the torus can be written for each value of m as follows:












(coshµ)[Cn cos(nη) +Dn sin(nη)]
(2.32)
2.2.2 Dispersion relations for an isolated ring
The case of an isolated ring has been studied by Love in 1973 Love (1975), was again discussed
by Avramov in 1993, then in 2005 another paper by Mary et al Mary et al. (2005) came
out in new attempt to obtain the dispersion relations for toroidal surface modes. In the first
two paper the toroidal geometry was studied in the context of the plasma surface modes.
Avramov’s paper come out as completion of the work done by Love to show that there is
a second set of toroidal surface modes that Love has missed even though he didn’t point
out what Love had really missed, thus in this section we provide the complete analysis of
the derivations of the dispersion relations through a reconciliation between the work done
by Love and the work done later by Avramov. Thus we get the full set of solutions of the
toroidal surface modes including the colloidal mode m = 0 that was believed to not exist.
The third paper and the most recent in the subject by Mary et al Mary et al. (2005) has
attempted to obtain the toroidal surface modes by transforming a three term recurrence
relation into two terms relation by postulating that some of the coefficients are zero which
is certainly not the case as we shall see in the following analysis.
18
Deriving Avramov’s equations from Love’s: Up to the first boundary condition
The potential inside and outside equations in Love are given by







(coshµ)ei(nη+mϕ), µ ≥ µ0 (2.33)







(coshµ)ei(nη+mϕ), µ ≤ µ0 (2.34)
where,
W (µ, η) =
√
coshµ− cos η (2.35)
















































n − Alove−n ) (2.40)
Hence (2.33) can now be written in the form of real fourier series as:
















Similarly (2.34) can be written as:
































Note that equations (2.41) and (2.42) correspond to the Avramov’s potential equations.
Considering the first boundary condition in Love:
Φlovein = Φ
love




















Let us now derive equations 8 and 9 in Avramov’s paper using Eqn (2.47):
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n0 − Alove−n Qmn0 = Bloven Pmn0 −Blove−n Pmn0




























Hence the first boundary condition equation (2.46) produces the same set of equations in
either of the papers, although please note that the reverse approach (that is, deriving Love’s
equations from Avramov’s equations) is presented in the next subsection.
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Deriving Love’s equations from Avramov’s: Up to the first boundary condition
Here we derive Love’s first boundary condition equations (that is, equation 2.7 in Love’s
paper) using Avramov’s equations. The potential equations in Avramov are given by


































Converting (2.51), (2.52) into imaginary fourier series we now obtain Love’s potential
equations:
















































Considering the first boundary condition in Avramov :
Φavrin = Φ
avr
out on µ = µ0 (2.56)
gives



























(Aavrn − iBavrn )Qmn0 = (Cavrn − iDavrn )Pmn0 (2.60)

















Equation (2.61) exactly corresponds to equation (2.7) in Love’s paper.
Case 2: n = 0
















which is the same equation as in Love’s paper.
Deriving three term recursive equations: Using the second boundary condition




















(fP ′ + Pf ′)Bloven e
inη (2.65)
where P = Pm
n− 1
2




(coshµ0). The primes over P,Q, f denote derivatives
















ε(2f 2Q′ +Q)− (2f 2P ′ + P )Q
P
]
einη = 0 (2.67)











Aloven (ε− 1)Qeinη = 0 (2.68)
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we obtain the following difference equation for the coefficients C loven :
C loven+1 − 2αloven C loven coshµ0 + C loven−1 = 0 (2.72)
which exactly corresponds to equation (2.11) in Love’s paper. Using the above equations, we
will now derive the three term recursive equations obtained in Avramov’s paper. Let us first
simplify the equations given in Avramov’s paper. Simplifying equation (12) in Avramov’s
paper yields:
αavrn = ε(Q+ 2 coshµ0Q
′)− Q
P
(P + 2 coshµ0P
′)
= 2(εQ′ − Q
P
P ′) coshµ0 + (ε− 1)Q



















Using Eqn (2.74) and (2.70), Eqn (2.72) can be written as
βavrn+1A
love
n+1 − 2αloven βavrn Aloven coshµ0 + βavrn−1Aloven−1 = 0 (2.75)















n−1 − iBavrn−1) = 0 (2.76)
Hence from Eqn (2.76) we get two sets of equations:
βavrn+1A
avr
n+1 − αavrn Aavrn + βavrn−1Aavrn−1 = 0 n ≥ 2 (2.77)
βavrn+1B
avr
n+1 − αavrn Bavrn + βavrn−1Bavrn−1 = 0 n ≥ 2 (2.78)
which correspond to equations (10) and (11) in Avramov’s paper. To get to other Avramov’s
equations, we let n = 1 in (2.75)
βavr2 A
love
2 − αavr1 Alove1 + βavr0 Alove0 = 0 (2.79)














which gives us two sets of equations
βavr2 A
avr







1 = 0 (2.82)
Similarly when we let n = 0 in (2.75) we get:
βavr1 A
love
1 − αavr0 Alove0 + βavr−1 Alove−1 = 0 (2.83)
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1 ) = 0 (2.84)
Since βavr−1 = β
avr















1 ) = 0 (2.85)
Further simplification of Eqn (2.85) gives:
2βavr1 A
avr
1 − αavr0 Aavr0 = 0 (2.86)
Note that equation (2.82) is identical to equation (11) in Avramov’s paper. Although
equations (2.81), (2.86) differ by a factor of 2 when compared to equation (10) in Avramov’s
paper, they will be exactly the same if we choose Alove0 = A
avr






The derivation part for the dispersion relations is not discussed here and can be provided if
required. However the dispersion relations that Love and Avramov gets are indeed correct.
This has been checked by Dr Kouchekian and by me.
Dispersion relations: Love → Avramov
Love in his paper uses a very smart transformation where he defines a new variable as
Vn =
C loven+1 + C
love
−n−1




Then he goes on to obtain a convergent continued fraction, as shown in equation (2.17)
of Love’s paper, which is the first dispersion relation in Avramov’s paper (Eqn (14) in
Avramov’s paper). Having introduced the transformation (2.87), it would be worth asking
what if the denominator in equation (2.87) equals zero. Let us now consider that case.
When C loven + C
love
−n = 0 for some n:
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Note that
C loven + C
love
−n = 0 for some n =⇒ C love0 = 0 (2.88)
A stronger fact is
C love0 = 0 =⇒ C loven + C love−n = 0 for each n (2.89)
The proofs of (2.88) and (2.89) are presented in the Appendix. The objective now is to derive
the second dispersion relation which Avramov obtained in his paper (Eqn (17) in Avramov’s
paper). We are going to make use of equation (2.13) in Love’s paper which is
C loven ∝ enµ0 , n→ −∞ (2.90)
C loven ∝ e−nµ0 , n→ +∞ (2.91)
Replacing n by −n in (2.72) we get:
C love−n+1 − 2αloven C love−n coshµ0 + C love−n−1 = 0 (2.92)
From the hypothesis we have that C love−n = −C loven for some n. Thus it follows from (2.88) and
(2.89) that C love−n = −C loven for each n. Using this fact in equation (2.92) gives us the same
exact equation (2.72). So both n and −n give us the same exact equation (2.72). Hence we
consider equation (2.72) only for n ≥ 0.
Let us consider some large N > 0. From (2.91) it follows that C love
N+2
≈ 0. Thus from





































































































 = 0 (2.98)
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But C love1 6= 0 in equation (2.98). If C love1 = 0 then C loven = 0 for any n (a trivial case where
all the coefficients in equation (2.33) are zero ). This fact simply follows from equations















From equation (2.71) we know that αlove
N
→ 1 as N →∞. Consequently, we can let N →∞











coshµ0 · · ·
= 0 (2.100)
which is the second dispersion relation that Avramov obtained.


























Seen the properties of a continued fraction only numerical methods can be employed to solve
it. By solving numerically the two obtained continued fractions we obtain two infinite sets
of solutions for εin assuming that the outer region is the vacuum corresponding to ε = 1.
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Figure 2.4: Solution using root finding for m starting from 1 to 8 and n = 0, m and ε
increase in the same direction
In fact for each value of m we have the following two possible eigenmodes:











would correspond to Qm
n− 1
2
if we are inside the torus and to Pm
n− 1
2
if we are outside the
torus. We note that, to obtain the eigenmodes for fixed value of n and m, the following
orthogonality condition is not satisfied:
∫ ∫ ∫













(cosh(µ0)− cos(η)) cos(n′η) cos(nη)
= Const× (δn′n − δn′n−1 − δn′n+1) (2.104)
31
Figure 2.5: Solution of the first CF (2.101) for m=0 to 5
32
Figure 2.6: Solution of the second CF (2.102) for m=0 to 5
33
Figure 2.7: Solution of the second CF (2.102) for m=0 to 5
34
Figure 2.8: Ring void inside a gold medium
Thus the eigenmodes correspond to a fixed value of m and summing over all possible values
of n.
2.2.3 Toroidal void modes and The Sum Rule
First sum rule and complementary systems
As established in the paper by Appell et al, the sum rule turns out to be of big use like any
other sum rule in physics, in fact we can easily obtain the surface modes of a toroidal void






based on the complementarity between the two systems: a torus and a toroidal void
where we have defined ω2t as the toroidal surface frequency, ω
2
v the toroidal void surface
frequency and ω2p the bulk frequency . In the free electron gas model we can express the sum





In the figures below we have plotted the toroidal void surface modes obtained by solving
directly the corresponding continued fraction of the dispersion relations and superposed the
same surface modes obtained by using The Sum Rule and the toroidal surface modes of m=1
and 2, n=0 and 1.
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Figure 2.9: Toroidal void modes for m=1 and 2 using the dispersion relation and the sum
rule
2.2.4 Gold and Silver nanorings resonance frequencies vs aspect
ratio
Metallic nanorings are being investigated for several photonic applications, thus it is
important to combine the geometrical effect on the resonance modes with the material
dielectric properties. In fact we have used the results of the toroidal resonance modes
obtained from the previous section combined with the reported experimental data of the
dielectric constant values for both Silver and Gold Palik (1998) to plot the Resonance
Frequencies of Toroidal Structures (See figure 2.10).
2.2.5 Dispersion Relations by Perturbation Theory
As we have seen in the previous sections analytical solution of the dispersion relations which
happen to be in the form of a continued fraction do not exist only numerical solutions do.
Nevertheless, approximate analytical solutions can be obtained with perturbation theory
techniques, thus we will present one in the below calculation within the cylindrical limit:
The solution to Eq. 2.24 can be expanded in the basis
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Figure 2.10: Resonance Frequencies of Toroidal structures made of Gold and Silver as a
function of the aspect ratio for m=1 to 4





































where we introduced factors dependent on u0 = coshµ0, for convenience.
Continuity at u = u0 implies
cn = bn (2.110)








































































where we defined b−1 = 0. This equation can be solved using perturbation theory. We

























1− 4n2 + 8(m
u
)2
) d logKn(mu )
d log u
24m2

























1− 4n2 + 8(m
u
)2
) d log In(mu )
d log u
24m2
+ . . .
] (2.113)






















bn = 0 (2.114)
at u = u0, and the modes decouple. For the n = n0 mode, we obtain


























C2n + . . . ,










































































Notice that C0n0 = 0.












ε1mn0 = 0, C
1





, b1n = 0 (2.118)
where (n 6= n0 ± 1).

































Figure 2.11: The modes for n = 0 (left panel), n = 1 (right panel), and m = 1, 4. Zeroth
(first) order are dashed (solid) lines. Horizontal axis is u = coshµ, vertical axis is log(1− ε)
(left panel), 1− ε (right panel).








































Having obtained C2n0 , we then extract ε
2
mn from (2.117).
A comparison between zeroth order and next-to-leading order is shown in figure 5.2.
When corrections are included, the analytic formulas agree well with numerical results down
to small aspect ratios. They disagree near the minimum aspect ratio u0 = 1.
Substrate effects on the plasmon dispersion using image potential and perturba-
tion theory
Similar to superstrate effect capitalized on in surface plasmon resonance (SPR) biosensing,
generally the presence of a dielectric substrate modifies the dispersion relations of the torus.
In the case of a silver nanoparticles Pinchuk et al. (2004), a redshift in the plasmon energies
is observed. Similar modifications have been reported for a hyperboloidal nanostructures
near a dielectric surface Passian et al. (2005). Fig. 2.12 depicts a substrate supported ring.
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Figure 2.12: Gold ring on a Semi-infinite slab
Now suppose that the ring is placed on a glass substrate of dielectric constant ε′. Let Ψ0(~r),
~r = (x, y, z) in Cartesian coordinates, be the potential without the glass. Suppose that the
glass occupies the z < 0 region. Then the potential with the glass is found using the method
of images to be
Ψ(~r) =
 Ψ0(x, y, z) + 1−ε
′
1+ε′
Ψ0(x, y,−z) , z > 0
2
1+ε′
Ψ0(x, y, z) , z < 0
(2.122)
Let us place the ring on the z = 0 plane, and define toroidal coordinates, u+ = coshµ+, η+,
related to the Cartesian coordinates, ρ =
√




u+ − cos η+
z = z0 +
sin η+












u− − cos η−
z = −z0 +
sin η−
u− − cos η−
(2.124)
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Concentrating on the cosnη modes and fixed m, we have for z > 0,



























respectively for inside and outside the ring. Now for the image we have:
Ψ0(x, y,−z) = eimφ
√














Continuity at u+ = u0 implies
bn = cn (2.127)
as before, because the potential of the image is already continuous.





























































at u+ = u0. Notice that both u− and η− depend on u+. To solve this, we shall treat the
right-hand side as a perturbation. At zeroth order, the modes decouple, and we obtain
the zeroth order estimate (??), as before. Let us fix n = n0. Introducing the expansion
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We fix bn0 = 1, and expand









where (n 6= n0) and ε1mn0 is the first-order correction due to the glass.



























































Figure 2.13: Gold ring on a slab of finite thickness
Multiplying by cosn0η+ and integrating over [0, π], we deduce the correction to the n = n0





























Now suppose that the glass has finite thickness d. It is perhaps best to solve this problem
iteratively. We start with the solution for the semi-infinite slab, i.e., for z > 0,
Ψ
(0)










Ψ0(x, y, z) (2.131)
By design, this potential satisfies the correct boundary conditions at the interface z = 0.
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For correct boundary conditions at z = −d, we take the image of Ψ(0)II with respect to






























where ΨIII is defined in the region z < −d, satisfying Ψ(1)II = Ψ
(1)












Next, we correct ΨII and ΨI so that they satisfy the correct boundary conditions at




II already do, so we only need to consider the second image and its image










II (x, y,−z − 2d)














































at z = 0.
Alternating between z = 0 and z = −d, we thus build the potential as a series of images.
Coated ring Approximate solutions by perturbation theory
Fix m.
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Figure 2.14: Coated Gold Ring




































































To solve the case of a coated ring, we shall use perturbation. At zeroth order, we set ξ = 0.
Modes decouple. Let us concentrate on the nth mode.
Continuity at u = u0 and u = u1, respectively, implies






































Figure 2.15: Hollow ring modes for n = 0, 1, 2, and m = 1 (left panel), m = 4 (right panel),
with u0 = 2.5. Horizontal axis is u1/u0, vertical axis is 1− ε.















































This system has a solution if the determinant of the following matrix vanishes,
∣∣∣∣∣∣∣∣∣∣∣∣






































(u) and D[] = d
du
log[].
This is linear in ε and quadratic in εc. Setting ε = 1 (hollow ring), we obtain εc as shown in
figure 2.15. One mode diverges as u1/u0→ 1. The other mode has εc ≈ 1.
2.2.6 Dispersion Relations for Janus Particle
Janus particle are being investigated for their unique properties of plasmons modes which
could have potential applications in meta-material and photonics. In fact Janus particles are
non-symmetric geometries with two faces that could present two different physical properties.
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An interesting application where Honegger et al. (2010) showed in their micro-fluidity
experiment that not only precise 3D localization of these particles is possible but also
controlling their rotation using the gradient of an applied electric field. Another experiment
by Zentgraf et al. (2010) showed that their Janus geometry can be used as multi-functional
optical meta-element as they demonstrated that their device is acting as a lens as well as a
beam-shifter at the same time.
For the Toroidal Janus particle there two possible configurations shown in the figure below.
The first case is when the interface between the two material is normal to ~Z and the second
case is when the interface is parallel to ~Z. In this section we will only address the first case.
Figure 2.16: Toroidal Janus particle of First and Second type
Exact Potential solution of Janus torus of the first kind
The potentials inside and outside the janus particle torus can be represented as










ei(nη+mϕ), µ ≥ µ0










ei(nη+mϕ), µ ≥ µ0










ei(nη+mϕ), 0 ≤ µ ≤ µ0
(2.140)
48
The boundary conditions which Φ1in, Φ
2




































, i = 1, 2 (2.144)











































− sinhµ sin η
]einη
(2.146)




f = W (µ, η). Similarly, the prime over Q denote derivative with respect to µ.











((in)2f 2 + sin η)Q





(coshµ− cos η)2einη = 0
(2.148)
Substituting Q′ = Q′ sinhµ, f 2(µ) = coshµ− cos η and multiplying both sides by sin η, Eq.






Q′ − Q(in) sin η



















Q′ − Q(in) sin η











Q′ − Q(in) sin η









Q′ − Q(in) sin η
coshµ cos η − 1
)
qmn = 2 coshµ+
Q− Q sin
2 η
coshµ cos η − 1
Q′ − Q(in) sin η
coshµ cos η − 1
(2.151)
we obtain the following recurrence equation
A1m,n+1α
m
n+1 − qmn A1m,nαmn + A1m,n−1αmn−1 = 0 (2.152)
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In our case, η = 0. Hence αmn , q
m
n in the above equation are
αmn = Q
′




The general structure of equations for every m is given by
A1n+1αn+1,i − qn,iA1nαn,i + A1n−1αn−1,i = 0, i = 1, 2, 3 (2.154)
where,
αn,1 = (ε1Q
′ − ε3P ′Q/P )
qn,1 = 2 coshµ0 +
(ε1 − ε3)Q
ε1Q′ − ε3P ′Q/P
αn,2 = (ε2Q
′ − ε3P ′Q/P )
qn,2 = 2 coshµ0 +
(ε2 − ε3)Q
ε2Q′ − ε3P ′Q/P
αn,3 = Q
′











(coshµ0). Similarly, the primes over P , Q, denote derivatives with respect to
µ evaluated at µ = µ0.
In Eq. 15, let x = A1n+1 , y = A
1
n−1 , a = αn+1,3 , b = αn−1,3 , c = qn,3 , d = αn,3 ,
a′ = αn+1,2 , b
′ = αn−1,2 , c
′ = qn,2 , d
′ = αn,2 , a
′′ = αn+1,1 , b
′′ = αn−1,1 , c
′′ = qn,1 ,
d′′ = αn,1.
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The dispersion relations for our system is the condition for this matrix to have non-trivial
solution when it’s determinant is equal to zero.
2.3 Optical response of a Torus in an external field
In the current section, our focus is on the optical response of gold nano-rings to an external
excitation. Both analytical and numerical calculations are implemented to obtain the near
field value to toroidal nano-structures and the corresponding scattering and absorption cross
section. The toroidal geometry is significantly different when compared to the traditional
geometries (spheroids, cylinders...) as it has a cavity known as the toroidal channel. The
optical response of a torus can change dramatically depending on its aspect ratio by changing
the major and minor radius independently. Thus, it offers much more tunning of its response
than any of the other classical geometries.
2.3.1 Scattering of an arbitrary polarized external field
Generalized form of the solution of Laplace’s equation appropriate for Green’s
function method:
In order to obtain the response of the ring to an external field we are going to employ Green’s
function method and solve for the scalar electric potential, thus we rewrite the most general
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case of the solution of Laplace’s equation as :

















, µ ≥ µ0

















, 0 ≤ µ ≤ µ0
(2.157)
In most cases, two out of the four coefficients Amn,Bmn Cmn and Dmn are known from
the asymptotic behavior of the toroidal functions and the applied external field expression .
We shall then use boundary conditions to determine the other two coefficients.The boundary
conditions which Φin and Φout must satisfy on µ = µ0 are












Series expansion of the external potential using toroidal functions
In order to obtain the scalar electric potential resulting from applying an external field,
the most relevant step would be the expansion of the external field function in terms of
the toroidal eigen-modes, otherwise matching the boundary conditions wouldn’t be possible.
In his book ”Special Functions and their applications” Lebedev has discussed the case of
charged toroidal conductor and addressed the case of a constant electric field acting along
the axis of symmetry of a conducting torus. Thus we would like to solve the most general
case where we have an arbitrary polarized electric field applied on the torus. In our study
the ring size is much smaller than the wavelength of the incident light. The problem to be
solved is then that of a dielectric ring in a time varying but uniform electric field E0e
−iωt.
The applied electric field E0e








Figure 2.17: A torus representing an isolated nanoring of a complex dielectric function
εr(ω) in vacuum (ε = ε0) interacting with a uniform external field E. The arbitrary
parameter α determines the polarization of the external field with respect to the symmetry
axis z of the torus.
large distances away from the ring due the applied electric field is:
Φap(r) = −E1z − E2x− E3y. (2.159)
Where we have introduced a constant β relating E2and E3 as follows, E3 = βE2. Our next
task will be the expansion of the electric potential in toroidal coordinates thus we need to
find an expansion of x and z coordinates as a function of the toroidal functions. For a torus






















Using the absolute convergence of the above series, differentiation w.r.t coshµ yields
− sinhµ














By Gradstein 8.732, 8.734, and 8.736.4
√








































































































(δm0 + δm1)Em+1(−i)m−1(1 + δm0)












Now using the obtained expression of the external field Φap(r), the superposed potential
can be written as










ei(nη+mϕ), µ ≥ µ0


















, 0 ≤ µ ≤ µ0
(2.168)
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Exact solution for the potential for an arbitrarily polarized External field (x-y-z
axis)
The boundary conditions which Ψin and Ψout must satisfy on µ = µ0 reduce to















































(coshµ0) and W = W (µ0, η). Similarly, the primes over P , Q, and W denote
derivatives with respect to coshµ evaluated at µ = µ0.
Equation 4 now holds for each n, and hence we can solve for Cmn:
Cmn = [Amn −Dmn(cosmϕ+ β sinmϕ)e−imϕ]Q/P (2.172)
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Using W ′(µ0) = 1/2W (µ0) and substituting back W
2(µ0) = coshµ0 − cos η, Eq. 7 can be
written as




′ − P ′Q/P )einηeimϕ









′ − P ′Q/P )
(cosmϕ+ β sinmϕ)einη
(2.174)




′ − ε1P ′Q/P ) + (ε2 − ε1)Q)δn′,n




(Q′ − P ′Q/P )[2 coshµ0δn′,n





′ − ε1P ′Q/P )eimϕAmn
qmn = 2 coshµ0 +
(ε2 − ε1)Q
ε2Q′ − ε1P ′Q/P
λmn = ε1(Q
′ − P ′Q/P )(cosmϕ+ β sinmϕ)Dmn
(2.176)
we obtain the following second-order difference equation
Emn+1 − qmn Emn + Emn−1 = λmn+1 − 2 coshµ0λmn + λmn−1 (2.177)
The above can be solved using techniques of the Green function(Love, 1972). For
convenience, we will suppress the subscript m, but the same equation, with different
coefficients qmn and λ
m
n , has to be solved for each value of m. The Green function
corresponding to Eq.10 satisfies
Gn+1,N − qnGn,N +Gn−1,N = δn,N+1 − 2 coshµ0δn,N
+ δn,N−1
(2.178)









as can be verified by substituting Eq. 12 in Eq. 10 and using Eq. 11. One first finds the
solutions of the homogeneous equation,
Gn+1,N − qnGn,N +Gn−1,N = 0 (2.180)
59
and then implements “boundary conditions” implied in Eq. 11. Utilizing a theorem due































where θ(x) is the step function, i.e., θ(x) = 1 if x > 0, and 0 otherwise. Upon combining
Eqs. 14, 12, 9, we obtain the following expressions for the potentials:














(cosmϕ+ β sinmϕ)einη, µ ≥ µ0





















































′/Q)− ε1(P ′/P )
(2.182)
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The expression for a
m,n,N







is always from the n = N term. Thus in our calculated examples, as shown in Table 1, 2, for
coshµ0 = 10, 5, 3, it is not necessary to include more than five terms for each bn to achieve
an accuracy of 1%.
Scattering cross section
Now using the results obtained from the previous section the potential can be written as:









T1, µ ≥ µ0






















Gn,NλN (Green’s function solution)
T1 =
Emn
(ε2Q′ − ε1P ′Q/P )
T2 =
( EmnQP













µ̂µ0 .(~∇Ψin − ~∇Ψout)|µ0 (2.183)







W (µ0, η) sinh(µ0)e
i(nη+mϕ)
[
(T1 − T3)(Q+ 2Q′W 2(µ0, η))− T2(P + 2P ′W 2(µ0, η))
] (2.184)
The dipole contribution to the surface charge density on the ring is usually found to be
given by the first two terms of m: 0 and 1.Thus we will stop at m = 1 in the expression of






coshµ0 − cos η
(2.185)
With this expression for the dipole volume charge density, the two components of the







The most relevant result that can be calculated using these expressions of the induced







[(n̂× ~p)× n̂] (2.187)
Where n̂ is unit vector in the direction of observation and ~p is the induced dipole moment.
The total cross section is the sum of the scattering and absorption cross sections. If we
consider a metallic ring with a plane monochromatic wave incident upon it, then part of the
incident energy contained in the electromagnetic wave is absorbed and the rest is re-radiated
by scattering. The time-averaged Poynting vector gives the flux of energy per unit area per




Re[ ~E × ~H∗] (2.188)
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The electric field outside the ring is the sum of the incident and and the scattered electric
field. Similarly for the magnetic field.
~E = ~E0 + ~Esca and ~H = ~H0 + ~Hsca (2.189)
Now by integrating equation 31 over the surface of a large sphere that encloses the ring then
we obtain the net flow of energy per second either into or out of the sphere. The power






Re[ ~E0 × ~H∗0 + ~Esca × ~H∗sca + ~E0 × ~H∗0 + ~Esca × ~H∗sca].n̂da (2.190)





Re[ ~Esca × ~H∗sca] (2.191)
By summing equations 32 and 33 we obtain the total time averaged power being dissipated





Re[ ~E0 × ~H∗0 + ~E0 × ~H∗sca + ~Esca × ~H∗0 ].n̂da (2.192)
While the first cross product is the proportional to the time averaged Poynting vector of the
incident electromagnetic wave it can be easily shown to be zero upon integrating over the





Re[ ~E0 × ~H∗sca + ~Esca × ~H∗0 ].n̂da (2.193)
Now the total cross section is the ratio of the total power dissipated by absorption and











2.3.2 Electric field at the center of the toroidal channel
In this section we are investigating the field variation at the center of a gold nanoring as a
function of the aspect ratio and the polarization angle using numerical methods. We start
by changing the aspect ratio and computing the field at the center of the torus for two
polarization angle α = 0◦ and α = 90◦, the angle is with respect to the axis of the ring we
obtain the following results plotted in the first graph (see FIG.8). Next we plot the ratio of
the field for the two polarization studied as a function of the aspect ratio (see FIG.9). An
interesting result of practical use showing that for a specific value of the aspect ratio The
electric field value of the perpendicular polarization α = 90◦ is less than one percent the
value of the field for the parallel polarization where α = 0◦. To confirm this numerical result



















































































































 'Field at the center'
 'Polynomial fit'
Figure 2.18: Dependence of the Electric field value at the center of a gold ring on the



















First apply a uniform electric field in the z direction,

















































To solve this, we shall use perturbation. At zeroth order, we set ξ = 0. Modes decouple.
Let us concentrate on the nth mode.
Continuity at u = u0 implies
bn = an + 1 (2.202)
Continuity of the u-component of ~D = ε ~E implies









































































































































To solve this, we shall use perturbation. At zeroth order, we set ξ = 0. Modes decouple.
Let us concentrate on the nth mode.
Continuity at u = u0 implies
b1n = a
1













Figure 2.19: Electric field near center of ring along the axis and perpendicular to the axis
(left), and their ratio (right).
Continuity of the u-component of ~D = ε ~E implies








































































The fields near the center of the ring are plotted in figure 5.3. The direction of the field
along the ring changes sign as we lower the aspect ratio. So at a particular aspect ratio,
which depends on the distance from the center of the ring, the field vanishes, which explains
the peak in the graph of the ratio. As the point where the field is measured approaches the
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center of the ring, the critical aspect ratio at which Ex = 0 increases. It diverges before we
reach the center, at which point the peak disappears.
2.3.3 Optical response of gold nano-ring and Near field visualiza-
tion using numerical methods (FE and FDTD)
An important role the numerical methods are playing in the field In the figures below we
present a field visualization obtained by the Finte Element Method of the electric field ~E
near gold nano-ring of a major radius 200nm and an aspect ratio equals to 2. We are
looking at two polarization angles with respect to the axis of the ring, one parallel and one
perpendicular to it. The wavelength of the incident wave is large enough to only account for
the dipolar response of the Gold ring.
Figure 2.20: Electric Field Enhancement on the surface of the ring. Left figure is for ~E
parallel to the axis of the ring and the right figure is for ~E perpendicular to the axis of the
ring
Transient electric field on the surface of a gold nanoring using FDTD:
The Finite-Difference Time-Domain method (FDTD) proposed by Yee in 1966 is a direct
solution of Maxwell’s curl equations in the time domain. The electric and magnetic
field components are allocated in space on a staggered mesh of a Cartesian coordinate
system as shown in the figure. The E- and H-field components are updated in a leap-frog
scheme using the finite-difference form of the curl which surrounds the component. The
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transient fields can be calculated when the initial field, boundary and source conditions are
known.
Figure 2.21: Electric field enhancement at the surface of a gold nanoring corresponding to
four extracted frequencies from left to right 428, 524, 621 and 717 THz
Figure 2.22: Insight of one voxel cell in FDTD
The FDTD simulation consist of a nanoring of 50nm major radius and 20nm for the
minor radius. The wave source used in this simulation is a broad band excitation of 550nm
wave length and 300 nm bandwidth. Both ~E and ~k are in the plane of the page where the
wave is propagating from the bottom to the top of the page. The sub-figures in figure 2.21
correspond to four different extracted frequencies.
Scattering cross section for gold nanoriongs
In figure 2.23 we obtain the scattering and absorption cross section for gold nanoring with
five different aspects ratios, where the dielectric function used in the simulation is the result
of a curve fitting of the reported experimental data for gold by Johnson and Christy.
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Figure 2.23: Computed scattering (upper panel) and absorption (lower panel) cross
sections for single gold nanorings of different aspect ratios γ. For a fixed minor radius




Use of nanoparticles beyond the single configuration has opened up several new possibilities
in sensing, plasmonics and photonics due to the near field coupling and energy transfer.
Thus we provide here a collection of near field visualization focusing on the region of the
field enhancement in Dimers and Trimers for two different ploarizations one along the axis of
the ring and one perpendicular to it. In the next chapter we will show a practical application
of Dimers in generating a giant trapping field for cold polar molecules .
Figure 2.24: Electric field enhancement Near Dimers of gold nanorings for two polarizations
(Parallel to Ring axis left panels/Perpendicular to Ring axis right Panels) of an incident wave
with λ = 2µm.
Figure 2.25: Electric field enhancement Near Trimers of gold nanorings for two
polarizations (Parallel to Ring axis left panels/Perpendicular to Ring axis right Panels)
of an incident wave with λ = 2µm.
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Chapter 3
Trapping rings for cold polar
molecules
3.1 Introduction
Electronic excitations in metallic nanoparticles in the optical regime that have been of
great importance in surface enhanced spectroscopy and emerging applications of molecular
plasmonics, due to control and confinement of electromagnetic energy, may also be of
potential to control the motion of nanoparticles and molecules. Here, we propose a
concept for trapping polarizable particles and molecules using toroidal metallic nanoparticles.
Specifically, gold nanorings are investigated for their scattering properties and field
distribution to computationally show that the response of these optically resonant particles to
incident photons permit the formation of a nanoscale trap when proper aspect ratio, photon
wavelength and polarization are considered. However, interestingly the resonant plasmonic
response of the nanoring is shown to be detrimental to the trap formation. The results are
in good agreement with analytic calculations in the quasi-static limit within the first-order
perturbation of the scalar electric potential. The possibility of extending the single nanoring
trapping properties to two-dimensional arrays of nanorings is suggested by obtaining the
field distribution of nanoring dimers and trimers.
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3.2 Trapping systems history in the literature
The development of Penning Dehmelt (1967) and Paul traps Paul and Steinwedel (1953) led
to unprecedented measurements of fundamental properties of charged particles by isolating
individual electrons and ions Jr et al. (1987). Singling out and having the ability to probe
individual ions allows laser manipulation of their quantum states to form qubits Harty
et al. (2014); Kim (2014), which is capitalized upon in the so called trapped ion quantum
computer Kielpinski et al. (2002). Precision measurements benefit from trapping or even
slowing down the quantum systems, as reported by Veldhoven, et al., who carried out
high resolution spectroscopy by slowing down a pulsed 15ND3 molecular beam in a Stark-
decelerator Veldhoven et al. (2004). Deceleration can further help introducing cold polar
molecules into traps or storage rings van de Meerakker et al. (2008). For a comprehensive
account on the importance of polar molecules and the selection of those suited for deceleration
and trapping experiments, see the recent review by van de Meerakker, et al. van de Meerakker
et al. (2012). Similarly, the development of optical trapping Maragò et al. (2013) of small
particles, capitalizing on force gradients associated with radiation pressure Ashkin (1970)
exerted by tightly focused laser beams, led to the development of optical tweezers Ashkin
et al. (1986). Optical trapping in the tweezer configuration has produced significant volumes
of data including those related to measurements of micro-rheological properties of aerosol
particles Power and Reid (2014), optical binding of trapped particles Bowman and Padgett
(2013), and DNA and cell studies Bustamante (2008).
The ability to manipulate the spatial distribution and time dependence of the electromag-
netic fields interacting with charged particles or neutral molecules of finite dipole moments
is of prime importance in the further development of methods to contain and control single
or ensembles of molecules Lemeshko et al. (2013). Local confinement and enhancement of
electromagnetic fields, per recent advances in nano-optics and plasmonics Schuller et al.
(2010), will undoubtedly prove important in the further development of systems that
can exert electromagnetically induced spatial constraints on molecular and particulate
populations. For applications in quantum information processing, it is important to have
the ability to trap arrays of particles DeMille (2002). In particular, the development of
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Figure 3.1: The concept of a nanoring based toroidal trap. Cold polar molecules near the
gray shaded surface approaching the central region may be trapped within a nanometer scale
volume due to the potential barrier established by the optical response of the torus to an
incoming beam of photons with proper polarization, wavelength, and amplitude modulation.
arrays of electrodynamic nano-traps, as proposed here, may offer an interesting perspective
in storing and manipulating well separated but compact set of molecules. Advanced nano-
fabrication Gates et al. (2005) may be employed to generate a plethora of nanostructures Xia
et al. (2003) that can alter the electromagnetic fields to create specific force fields within
which molecules may reside in slow motion. A variety of trap configurations and techniques
have been proposed and designed, in particular for cold polar molecules Bethlem et al. (2002);
DeMille et al. (2004); Junglen et al. (2004); DeMille et al. (2004); van de Meerakker and
Smeets (2005); Rieger et al. (2005); van Veldhoven et al. (2005); Xia et al. (2005); Bethlem
et al. (2006); van Veldhoven et al. (2006); Kleinert et al. (2007); Sawyer et al. (2007); Schnell
and Lutzow (2007); Micheli et al. (2007). For on chip applications, electrostatic surface
trapping of cold polar molecules have been proposed using various electrode configurations
including a single charged circular wire Hui et al. (2007), parallel charged wires Xia et al.
(2005), and two charged rings above a grounded conductor plate embedded in an insulator Li
et al. (2013).
In this article, we propose and investigate the concept of sub-wavelength electromagnetic
traps in the form of metallic toroidal structures (micro- and nano-rings), shown in Fig. 3.1.
Throughout this work, the term trap is defined to describe the electromagnetic environment
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in which a particle assumes a dynamic state with an eigenenergy spectrum insufficient to
overcome a potential barrier. Similarly, nano-trap refers to a physical arrangement in which
appropriate particles experience a potential barrier with a spatial extension in the order of
nanometers. We propose to achieve a nano-trap with toroidal geometry using noble metal
nano-rings, which upon interaction with long wavelength linearly polarized photons produce
a three-dimensional trapping potential barrier. The barrier shape is shown to be further
controlled by use of circularly polarized photons. We envision the toroidal nano-trap can be
used to capture polarizable dielectric nanoparticles, similar to optical tweezers Juan et al.
(2011), as well as cold polar molecules, assuming that the particles and molecules have
been through a cooling process to reach a temperature of a few mK using an appropriate
deceleration mechanism, for example by being transmitted through a Stark decelerator in the
case of molecular beams as reported by Bethlem, et al. Bethlem et al. (1999). The studied
structures are topologically distinct from the more commonly used geometries of a sphere,
cylinder, or cube Sosa et al. (2003): tori possess a distinct electromagnetic field distribution
that is here shown to allow for the formation of a trap for particles and polar molecules. As a
comparison, a quadrupole trap typically consists of a ring electrode with two end-caps. Here,
in addition to the length scale difference, the proposed concept achieves an efficient trap in
a configuration without end-caps. The designation toroidal nanotrap thus emphasizes the
geometry of the structure employed to create a trapping region rather than the form of the
trapping field. The actual trapping volume will be shown to take a rather spheroidal shape.
Furthermore, comparing the proposed concept to quadrupole or hexapole electrode based
traps Kleinert et al. (2007); Bethlem et al. (2006), it will be shown that, while the field lines
in both cases may bear certain resemblance in the central region of the trap, the toroidal
optically induced trap is solely due to the dielectric response of the metal nanoring. However,
the advantages of optical excitation as opposed to applying a voltage are manifold: a) optical
trapping can be achieved off the chip or remotely without making physical connections, b)
optical fields can be provided with high modulation rates, polarization control, wavelength
tuning, controllable power and intensity profiles, all of which can help achieving the desired
field properties, c) optical fields can be delivered dynamically (as a rough comparison we
may consider the method of laser scanning in digital optical disc data storage devices), d)
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multiple lasers may be employed simultaneously, each with a desired polarization state, but
with well defined phase relationship, and e) optical excitation is compatible with direct
voltage application and thus in a proper configuration can be used in conjunction with the
latter for other potential applications.
The presentation is organized as follows. We begin by characterizing the optical response
of a single torus in Section 3.3. In doing so, we will first treat the problem analytically
in the quasi-static limit (where the field is generated by the scalar potential only) since
the trapping properties are investigated in a spectral range where the wavelength of the
force inducing photons will be larger than the dimensions of the nano-rings. Computational
techniques are then invoked to obtain the time dependent scattering properties. By defining
a trapping volume in Section 3.4, we discuss the toroidal trapping energy barrier for 15ND3,
a candidate molecular system for deceleration studies Bethlem et al. (2002). Discussing the
results in Section 3.5, we also introduce multi-ring systems or arrays with the potential to
control a lattice of polar molecules or particulates – an arrangement which may be useful
in quantum computing and quantum information processing DeMille (2002) and in sensing
and imaging Shipway et al. (2000). Concluding remarks are provided in Section 3.6.
3.3 Field distribution and scattering properties of
toroidal particles
The potential barrier experienced by a trapped particle is assumed here to be the result of
the interaction of the particle with an applied electric field modulated locally by the torus.
Since our objective is to describe the concept and potential use of the metal torus as a
particle trap, we assume that electromagnetic properties of the trapped particle will not
significantly affect the response of the trapping particle. This yields a decoupling of the
problem such that the field of the trapping particle may be obtained while neglecting any
modification induced by the radiative or polarizing effects of the trapped particle. The solid
material domain making up the metallic torus is defined by a local dielectric function ε (and
conductivity σ). Within the spectral and sub-Kelvin temperature ranges considered, we will
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safely neglect the temperature dependence of ε, which otherwise has been shown to create
thermoplasmonic effects in thin films Lereu et al. (2008) and nano-particles Lereu et al.
(2013). To obtain the field modification engendered by the presence of the torus, we aim
to characterize the scattering properties of gold nano-rings, beginning with a single isolated
nano-ring in vacuum. We therefore consider a torus, defined by fixing one of the coordinates















where u ∈ [1,∞[, η, φ ∈ [0, 2π], and s is a scale factor. We first consider the response of
the nano-particle in the quasi-static regime to an arbitrarily polarized uniform applied field
Ēa = Ea(sin θ, 0, cos θ), where θ is measured from the z axis. Introducing a perturbation
parameter ξ, we expand the scalar potential Ψa in the toroidal system as:





u− ξ cos η
∞∑
n=0
Gn(r̄, θ; ξ), (3.2)
where









+ cos θ sinnη(1− δn0)nQ0n− 1
2
(u), (3.3)
with Pmn (u) and Q
m
n (u) denoting the Legendre functions. Here, ξ is introduced as a
bookkeeping parameter for the perturbative calculations; at the end, we set ξ = 1. The
polarization θ can be set by a polarization rotator and may be treated as a parameter so
that θ = 0 generates Ēa ‖ ẑ, while θ = π/2 generates Ēa ⊥ ẑ. The field Ēa is modified
by the response of the torus to produce a total field, which we will study in two cases of
polarization consistent with the toroidal symmetry.
We now proceed to obtain the potential distribution in the case of Ea‖ by superimposing






























u, and the coefficient an can be obtained from the continuity
of the potential and the u-component of D̄ = εĒ across the toroidal boundary u = u0. At























Similarly, in the case of perpendicular E⊥ polarization, specifically Ē ‖ x̂, the potential
distribution of the trapping field is expanded as:



















































In the quasi-static dipole approximation, the scattering cross section of the ring can be
obtained by considering only the dipolar contribution of the induced surface charge on the
ring to the scattered field. Using the exact interior field and the exact exterior total field
(as opposed to the first order approximate field in Eq. (3.6)), the dipolar charge density σc
is found to be:
σc(η, φ) = (u0 − sin η)3/2
∞∑
n=0































and the coefficients An will be obtained from the continuity of the displacement field D̄,
yielding the following three-term difference equation:






























Ea(1 + δn0), (3.10)
which will be solved here using a Green function as described first by Love Love (1972), and
revisited by Kuyucak, et al. Kuyucak et al. (1998). Integrating the induced charge density
over the volume of the ring using the surface charge, Eq. (3.8) yields the induced dipole
moment, which is proportional to the polarizability αi. Thus, the dipolar scattering cross




| αi |2, (3.11)
can be computed. The absorbed power by the ring elevates its temperature T (r̄, t) which can
be calculated by solving the heat diffusion equation ρCpṪ (r̄, t)− k∆T (r̄, t) = s(r̄, t), where
ρ, Cp, and κ are the density, specific heat, and thermal conductivity of the ring material,
respectively. Any modulation information of the amplitude of the incident field will be
embedded in s.
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The solutions above can be used to visualize the quasi-static toroidal fields and the dipolar
scattering cross section within the zeroth perturbative order for the two polarization states of
the incident photons, and to validate and further facilitate comparison to the computational
results for the more accurate time dependent response. Prior to obtaining the latter, we first
employ the finite element (FE) method Zienkiewicz and Taylor (1977) to solve the Laplace
equation in a three dimensional Cartesian computational domain, where an initial uniform
static field is established by assigning equal and opposite potential values Ψ|±k, k = x0, y0, z0
to the appropriate domain boundaries k corresponding to the two considered polarizations
Ea‖ and Ea⊥. We will thus solve ∇̄ · (ε∇̄Ψ) = 0 in the domain containing the torus by
applying n̂ · D̄ = 0 to all other boundaries. Following the quasi-static results, to obtain the
scattering properties of the single as well as several multi-ring configurations, we will solve
∇×H̄ = ∂(εĒ)/∂t+σĒ together with∇×Ē = −∂H̄/∂t, employing the finite difference time
domain (FDTD) method Kunz and Luebbers (1993). Here, again a Cartesian computational
domain with absorbing boundary conditions (perfectly matched layers) is used to mimic the
vacuum, and a linearly polarized plane wave is propagated to interact with the torus.
Having determined the response of the toroidal nanostructure, we will now describe how
it may be suspended, and what the effect of such a suspension may be on the electric field
of the nanotrap. For any experimental attempts to trap molecules, the nano-traps need
to be suspended without significantly distorting the electric field of the trapping region.
As a preliminary suspension method, one may consider a membrane containing single or
arrays of toroidal traps. Such an array of nano-traps may be fabricated using a low loss
substrate. Employing a focused ion beam lithography approach, one may attempt to carve
channels in the membrane beneath the opening region of the torus, or fabricate the traps on
other appropriate meshed substrates. For an optically transparent membrane, we anticipate
negligible scattering or modification of the local electric field. Studying the optical responses
of metallic nanoparticles, similar configurations arise when using a photon scanning tunneling
microscope (PSTM) or a near-field optical microscope (NSOM) for imaging purposes, or for
mapping the local field distribution. In such cases, when an optically conductive nanometer
sized probe is brought in the proximity of the metal nanostructure (in our case, the torus)
to register the field distribution, the question of what effects the approaching probe or the
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substrate on which the nanoparticle resides may have on the nanoparticle surface modes
has arisen in recent investigations. Such effects can be shown to be negligible for non- or
low-absorbing substrates, such as fused silica, glass, and for parts of the spectra, silicon and
germanium. Although the presented concept is based on an operation away from the plasmon
band of the nanostructure and without a strong need for spectral tunability, in plasmon
related studies, the (dielectric) substrate effect on the plasmon energy spectrum typically
only amounts to a minor redshift. Therefore, substrate effects can be safely assumed to be
small, and more importantly, non-detrimental to the trap formation. More specifically, with
reference to Eq. 3 in Passian et al. (2005), a similar study can be performed to quantify the
negligible effect of a low-loss substrate.
3.4 Electromagnetic trapping with nano-rings
Our objective here is to investigate the potential of metal nano-rings in applications related
to electromagnetically trapped species possessing a permanent or induced electric dipole
moment µ̄. We wish to show that microscopic objects carrying a moment will be unable to
escape from a trapping volume in the vicinity of the central region of the torus. We assume
that the particles to be trapped are in thermal equilibrium such that their positions and
velocities follow an appropriate distribution. Nanoparticles are readily aerosolized at room
temperature, however, in this study, the assumption is that they, too, have been cooled down
and introduced in the toroidal region. Our primary focus here is on trapping molecules. The
field Ē distribution of the ring is thus to present a potential energy barrier to the molecules.
The engendered field by the metal nano-ring perturbs a molecule in a rotational state with
an interaction energy of the form ĤE = −µ̄ · Ē modifying the rotational energy levels of
the molecules (Stark perturbation). For certain polar molecules used in Stark deceleration
studies, the Stark energies of the rotational states have been calculated as a function of the
applied field strength van de Meerakker et al. (2012). Specifically, for our objective, the
assumptions regarding the quantum states of the molecules are similar to those leading to
the Stark energy expression for ammonia isotopologue 15ND3 (see Eq. (11) in ref. van de
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Meerakker et al. (2012)):












where Ψ can be taken from Eq. 3.6 or be provided computationally from FE and FDTD,
Winv denotes the energy splitting associated with the atomic inversion within the polar
molecule in the state |J,K,M〉, and α = J(J + 1)/µKM is related to the matrix
element diagonal in K and M of the Stark perturbation such that the first order Stark
energy is −E/α = 〈J,K,M | ĤE |J,K,M〉. Similarly, second-order Stark energy correction
and high field strength Stark effect including higher-order perturbation terms may be
considered as necessary. Using Eq. 3.12 and the field profile of a nanoring with given
geometric characteristics, the energy barrier along the x, y and z directions may be studied.
Furthermore, for the sake of future studies, and without further elaboration here, denoting
the mass of the ND3 molecule with m, forming the Lagrangian and obtaining the equations
of motion:
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the trapped molecular motion may be studied within the trap volume or molecular
deceleration may be investigated for molecules moving through the trapping region.
3.5 results and discussion
We begin our study of the trapping properties of metal tori by characterizing the optical
response of single gold ring tori in the spectral range from visible to the short wavelength
infrared. We will then extend the results by considering more elaborate configurations
of dimers and trimers as building blocks for arrays of nanorings for both trapping and
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Figure 3.2: Polarization dependence of the field at the center of the torus. For a gold nano-
ring of appropriate aspect ratio γ, when the polarization of the incident field is perpendicular
to the symmetry axis of the torus, the electric field can be made negligibly small. The
analytical solution using first order perturbation, while predicting a lower value for the
aspect ratio for this minimal field, overall it agrees well with the computational solution
employing the finite elements method.


























Figure 3.3: Comparison of the quasi static and time dependent electric field across the
torus. For an aspect ratio γ = 3.5, the analytical results as well as the computational results
in both the electrostatic (FE) and transient (FDTD) limits consistently produce a field
profile suggestive of a trap formation. The field lines computed using the FDTD method are
noted to display smooth curvature, whereas both the analytic and quasi-static computational
approaches produce minor artifacts around the low filed regions of the trap.
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Figure 3.4: Field profiles along x, y and z directions across the torus for various aspect
ratios for an incident field Ei polarized perpendicular to the symmetry axis z of the torus.
The insets visualize the field distributions in the corresponding planes for a ring with γ = 3.5
interacting with an incident field of a wavelength λ = 2 µm propagating along z. The field
distributions were obtained from FDTD computation.
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Figure 3.5: (a) Stark energy profiles along x, y, and z directions through the center of the
torus corresponding to the energy of ND3 molecules interacting with the total toroidal field,
that is, the incident field Ei polarized in the plane of the torus and the scattered field. The
field distribution was obtained from FDTD computation. (b) Stark energy profiles through
the center of an vertical dimer with constituent rings separated a distance d = 110 nm and
having an aspect ratio γ = 3.5.
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deceleration of cold polar molecules. To study the geometric dependence of the trapping
potential, we introduce γ = R/r = u0, the aspect ratio, where R = au0/
√
u20 − 1 is the
major radius and r = a/
√
u20 − 1 is the cross sectional radius. The material making up the
torus is taken to be gold, although other suitable materials may be considered. To determine
the field distribution and energy dissipation by the proposed structures, we will resort to
simulations, based on the analytical results, and computation employing the FE and the
FDTD methods. For the latter, the Drude model is numerically adjusted to fit the values
of the complex dielectric function of gold, ε, reported by Johnson and Christy Johnson and
Christy (1972). The fitting parameters ωD = 2155.6 THz, γD = 18.36 THz and ε∞ = 9.06
reproduce the values in the spectral range 0.4 − 2.2 µm, which will be considered for the
FDTD simulation of the electric field and absorption spectra of the various ring configurations
studied.
The results of both the FE computation and the perturbative analytic calculation for
the field value at the center of the ring and its dependence on the aspect ratio are plotted
in Fig. 3.2. The results, being in good agreement, suggest a special value of the aspect ratio
(γ ≈ 3) in the case of perpendicular polarization of the incident beam (Ēa ⊥ ẑ) for which
the field is almost extinct. Further analysis sets this values closer to γ ≈ 3.5, for which
we then compare the results of the FE, FDTD and perturbative analytic calculations by
plotting the field along the polarization direction for each method in Fig. 3.3. Evidently,
for the geometric configuration at the given aspect ratio, the field distribution suggests the
possibility of forming a trap.
In the time domain, the interaction of either a continuous wave (CW) or an amplitude
modulated (AM) laser beam with the torus results in a total absorbed power Pt. Assuming
that a linearly polarized field Ē(r̄, t) of wavelength λ and propagation vector k̄ can be
provided by a an appropriate laser, we specify the incident radiation to be in the form of a
beam of a circular cross sectional area A, pulse duration ∆t, the repetition rate Tl = 1/fl,
energy per pulse ep and an average power Pa. For a single gold nanoring with an aspect
ratio γ and volume V , denoting the incident intensity Ii, the absorption and scattering cross
sections are defined as σabs =
∫
V
pdV/Ii and σscat =
∫
S
S̄scat · d̄S/Ii, respectively, where p is
the absorbed power density in the ring and Sscat is the scattered Poynting vector over its
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surface. Neglecting photoluminescence, the extinction cross section is σe = σabs + σscat and
the total absorbed power by the particle is given by Pt = σabsIi. Obtaining the scattering
and absorption cross sections is relevant to our discussion, as it completes our understanding
of the optical response of the nanoring to an incident wave. The response is critical to the
feasibility of the nano-trap. Scattering and absorption cross-sections are plotted for different
aspect ratios and wavelength range λ ∈ [0.4, 2.2] µm in Fig. 2.23. The electromagnetic trap
that we are discussing is illustrated by plotting the field profile in the vicinity of the nanoring
along the x, y and z directions for different aspect ratios in Fig. 3.4, ?? and ??.
To describe the trapping of cold polar molecules, we will consider ND3, where the
molecular beam is in a single weak field seeking state |J,K,M〉 = |1, 1,−1〉. The ND3 system
is known to have an electric dipole moment of µ = 1.48 D and a frequency Winv = 1.43 GHz
at which the position of the nitrogen atom inverts van de Meerakker et al. (2012)). To
minimize escape from the trapping potential, the molecular population can be prepared to
have appropriate mean-free-path so as to render molecule-molecule encounters less likely.
For the trapping volumes considered here, this can be readily achieved already in the low
vacuum regime. Assuming that when the applied electric field is switched off, that is, when
E = 0, the energy of a free cold molecule of mass m and temperature T can be sampled from
a Maxwellian distribution, it will have a root mean squared speed of v = (3kBT/m)
1/2 m/s,
where kB is Boltzmann’s constant. For T = 25 mK Bethlem et al. (2002) a velocity of
v = 6 ms−1 implies that a cold molecule may depart from the trapping region of a ring
with γ = 3.5 and R = 87.5 nm. When E 6= 0, a threshold trapping energy W thStark in




From deceleration studies by Bethlem, et al. Bethlem et al. (2002), W thStark > 25 mK, yielding
a minimum field amplitude of Eth > 0.27 V/µm. Such a value for the local electric field,
which can be estimated to be of the same order of magnitude as the incident field due to
the spectral position of the plasmon band being far from the laser wavelength, can be made
available from an appropriate continuous wave (CW) laser. We also note that high resolution
infrared absorption spectra of 15ND3 has been reported by Canè, et al. Canè et al. (2013)
and thus the incident laser wavelength can be tuned accordingly so as to minimize excitation
of the molecular bands.
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will be below the melting point of the nanostructure. Since for the typical rings considered
here the volume is V ≈ 1.1 × 10−15 cm3, we assume that the deposited energy is
distributed uniformly, i.e., s(r̄, t) = s(t) = Ptt is the source term obtained from the total
absorbed power by the nanostructure. Employing FE method, we here computationally
verified the temperature uniformity by solving for the time dependent thermal response
of a gold nanoring with a heat capacity Cp = 129 J K
−1kg−1, a thermal conductivity
κ = 317 Wm−1K−1, and a density ρ = 19300 kg m−3. The results also predict negligible
temperature increase due to the absorbed power of a silicon substrate-supported gold ring
in vacuum but otherwise subject to mK near substrate boundary temperature.
Using Eq. (3.12), the stark energy and the field profile of nano-rings with an aspect
ratio γ = 3.5, we plot the corresponding energy barrier along the x, y and z directions for
two systems, with the choice of the aspect ratio based on the depth of the potential energy
barrier. The first system is a single gold nano-ring, whereas the second system is made of two
axially aligned gold nano-rings with an optimized separation distance d = 110 nm for higher
energy barrier as illustrated in Fig. 3.5. The dimer ring trapping system has a higher energy
barrier when compared to the single ring system. The latter is a realistic trap for molecules
with a translational energy along the z direction of the order of few mK. The dimer trap
frequencies reaching the GHz range may contain several tens of bound levels (about 75 at
about 1 GHz Blümel (2012)). To compare the actual trapping volume in both cases, we note
that both the position and shape of the trapping boundary can be affected by the specific
W thStark and the incident photon polarization, as shown in Fig. 3.6 for the case of circular
polarization.
The proposed concept can be extended to include another important case where the
toroidal nano-trap may be considered as a potential building block of a quantum computer,
which requires the manipulation of qubits, as discussed, e.g., by DiVincenzo DiVincenzo
(2000). The most elusive requirement for building a quantum computer is to have a set of
individually addressable qubits. This translates into the formation of a 2D array of nano-
rings. The array is characterized by a minimum separation distance that would preserve the
electromagnetic trap profile, found in our example simulation to be dmin ≈ 0.5 µm between
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Figure 3.6: Visualizing trapping boundaries for the 15ND3 system under circular
polarization excitation. The field isosurface rendering a single ring trapping volume (left) of
2.7× 105 nm3 and a ring dimer trapping volume (right) of approximately 5.5× 105 nm3. At
these boundaries, molecules in a single weak field seeking state |J,K,M〉 = |1, 1,−1〉 would
possess a Stark energy of WStark = 10 mK.
Figure 3.7: (a) Computed scattering and absorption cross sections for single planar gold
nanoring trimer with all the rings identical. With the rings sufficiently apart, the cross
sections approach those of a single ring. (b) Comparison of the absorption and scattering
cross sections for a vertical dimer with the same parameters as those in Fig. 3.4.
90
individual centers of the rings. Thus, to verify that the individual rings are not coupled in a
way that would alter the trap profile, we obtain the absorption and scattering cross section
for an array of rings with a minimum separation dmin. Both plots are shown in Fig. 3.7. One
can easily see that they are almost identical to the absorption and scattering plots obtained
in the case of individual rings.
In closing, we note that an experimental exploration of the proposed concept may
begin in a configuration of scanning probe microscopy. For example, the hybrid photonic-
nanomechanical force microscopy (HPFM) or the near-field scanning optical microscope
(NSOM), both with spatial resolutions below the diffraction limit and allowing high levels
of control and manipulation of light at the nanoscale, may be employed to first characterize
the electromagnetic response and morphology of single nanorings. Similar modalities permit
spectroscopic interrogation by both delivering the excitation photons locally to the trapped
molecules as well as collecting the emitted photons by the molecules.
3.6 Conclusion
The theoretically obtained scattering properties and field distributions of toroidal gold nano-
particles strongly suggest that trapping of cold polar molecules and dielectric beads may be
feasible optically in the proposed geometry. For a wavelength of 2 µm, the results for
a specific value of the toroidal aspect ratio indicate the possibility of a strong and well
defined trap for cold polar molecules when the external field polarization is parallel to the
axis of the ring. Interestingly, the results show that a trap forms away from plasmonic
resonances of the nano-ring. The frequency dependence of the nano-ring response shows an
enhancement of the electric field near the plasmon resonance band, as may be expected.
However, at resonance the trap becomes shallow. Furthermore, from the single torus results,
we suggest more elaborate configurations in the form of two-dimensional arrays of nano-
rings toward the potential implementation of multi-particle nano-traps. Such compact and
miniaturized structures may be of importance in the design of future hardware platforms for
quantum computation applications. Considering the large forces on the molecules achieved
in the nanotrap with trap frequencies up to a GHz, it is conceivable to resolve these levels
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spectroscopically. The utility of the toroidal trapping concept may be extended to confining
dielectric particulates via force gradients similar to dielectrophoresis Pohl and Pohl (1978),
by creating a toroidal potential energy barrier. Assuming a particle with no internal degrees
of freedom but with a dielectric function εp, the force leading to stable small amplitude
oscillations of the particle may be obtained from Maxwell’s stress tensor T by integration
over the particle surface f̄(t) =
∫∫
T · n̂dA. Thus, particles such as polystyrene nano-spheres





In this chapter we are investigating the strong coupling between toroidal plasmon modes
and J-aggregate dyes molecules and we show that a drastic modification of the optical
properties of the new hybrid system referred to as a plexcitons is obtained. Numerical
simulations (FDTD) are used to obtain the scattering and absorption spectrum of gold
nano-rings plasmon modes coupled to a coating layer of excitons. A strong coupling Rabi
split is observed for different cases and the anti-crossing signature of the strong coupling is
also verified by plotting the dispersion relations of the hybrid toroidal eigen-modes. Strong
coupling interactions is an important effect for the development of applications based on
the light-matter interactions. Moreover, advances in nano-fabrication and the constant
development of new coating techniques has promoted the research in the field of plasmonics
to design new photonic multilayer coated devices that can operate at sub-wavelength
dimensions. Localized surface plasmons can be excited on a variety of nano-structures with
dimensions between few tens and few hundreds of nanometers, but with very distinct optical
response depending on the geometry and the material of the nano-structure. A tremendous
amount of work has gone into identifying plasmon modes on spherical, cubical, cylindrical
or even more complex geometries and put in evidence this important feature of confining
light to sub-wavelength with different geometrical distributions of the field concentration and
enhancement known as hot-spots. The huge field enhancement associated with the plasmon
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oscillations has been invested in a variety of sensing and imaging applications and most
recently it has been shown that it plays a major role in the strong coupling interactions
between plasmons and excitons a system formed of a metallic nano-structure and exciton
which is a material characterized by a high oscillator strength, this hybrid system is now
more often defined as plexciton. A quiet popular candidate for the exciton material is the
J-aggregate dye molecules which have been successfully adsorbed on the surface of thin films
and metallic nano-structures and also tuned their absorption spectrum through different
preparation processes. Strong coupling interaction between surface plasmons and excitons
was first investigated for a large ensemble of nano-particles and only recently few reports
are addressing the strong coupling a the single nano-particle level. The strong coupling of
plasmonic structures with other excitons is particularly attractive due to the extensive control
on the plasmon modes tuning thanks to a good understanding of their optical response and
the impressive fabrication techniques that have emerged in the last decade. This chapter is
organized as follows: First we start by presenting the optical properties of the gold nano-
rings and the exciton material without any coupling. Then we obtain the spectra of the
coupled system for three different cases: A coated gold nano-ring with dye molecules, a gold
nano-ring residing on a thin coat of dye molecules and finally a spherical neutral particle
with adsorbed dye molecules on its surface placed at the center of the ring. These different
cases are investigated because they verify the two main conditions of strong coupling: both
spatial and spectral overlap between the plasmonic structure and molecular aggregates
4.2 Absorption spectra of the J-aggregate dye molecules:
Our coating material is Cyanine dyes commonly used in spectral sensitization and now being
investigated for potential applications in novel optoelectronic materials. A quiet special
property of cyanine dyes is their ability to aggregate under certain conditions in solution.
These so called J-aggregates have a narrow red shifted absorption band relatively to the
initial monomer absorption band before the formation of the aggregate. The J-aggregate
used in the simulations is formed in the laboratories from the dye 2, 2′ − dimethyl − 8 −
phenyl − 5, 65′, 6′ − dibenzothiacarbocyanine cholride Fofang et al. (2008). The choice of
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Figure 4.1: J-aggregate Cyanine Dye Molecule Absorption Plot
this particular exciton is mainly based on the position of it’s absorption peak around 693nm
and for having high oscillator strength with a narrow line width. The absorption spectrum
of this particular J-aggregate Dye has an overlap with the plasmon resonance modes of gold
nano-rings with a cross section radius of r= 25 nm and a major radius R in the range of
40 to 60 nm. Multi-layered nanostructures composed of noble metal and a J-aggregate dye
have attracted a lot of interest in studying their plasmon-exciton interactions. Some complex
nanostructures are formed with the direct adsorption of J-aggregate dyes onto the surface
of metal nanoparticles. Others were adsorbed onto silica core/metal shell nanoparticles.
In both studies, it was observed that strong plasmonexciton interactions (plexcitons) were
observed rather than the simple sum of the absorption of the metal nanoparticle/shell and
the J-band of the aggregate.
In the FDTD simulation the exciton dielectric function is modeled using a Lorentz
function:




(ω20 − 2iγ0 − ω2)
(4.1)
Where the Lorentz permittivity εL = 0.4, ε∞ = 2.5, ω0 = 2.718 × 1015 rd/s and γ0 =
3.8× 1013 rd/s.
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4.3 Toroidal plexcitons: J-aggregates adsorbed on gold
rings
In this section we will be presenting the case of coated nano-rings, where J-aggregate dye
molecules are adsorbed on the surface of these geometries. New techniques and methods for
coating nano-structures are being developed inside the labs seen the importance of possible
plasmon-exciton coupling in altering the optical properties of the studied geometries. We
will be implementing finite-difference time-domain, and the perturbation theory within the
quasi-static approximation to study the plasmonexciton interactions. In particular, we report
absorption and scattering cross sections as our tool to identify the strong coupling regime.
Moreover we put in use the analytical results of the coated ring dispersion relation derived
in chapter 3 to identify the resonance mode corresponding to a strong coupling interaction.
4.3.1 Resonance Modes of the strong coupling interaction:
Dispersion relation for the coated ring was derived in chapter 3. After matching the boundary
conditions for the scalar potential a matrix M was obtained with a determinant that must
be zero for the system to meet resonance condition:
∣∣∣∣∣∣∣∣∣∣∣∣






































(u) and D[] = d
du
log[].
This is linear in ε and quadratic in εc. Setting ε = 1 (hollow ring), we obtain εc as
shown in figure 2.15.Below we are plotting the matrix determinant for the following modes
(m,n) = [(1, 0), (1, 1), (1, 2)]. The resonance modes correspond to wavelength at which
the determinant is equal to zero. A very good agreement between these values and the
scattering and absorption peaks obtained by FDTD. In the next figure we are superposing
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Figure 4.2: Toroidal plexciton: Gold nanoring coated with J-aggregate dye molecules



















m= 1, n= 0
m= 1, n= 1
m= 1, n= 2
Figure 4.3: Plots of the Determinant for the J-aggregate Coated Ring for the modes
(m,n) = [(1, 0), (1, 1), (1, 2)]
the scattering cross section plots for coated and non-coated gold nanorings of different aspect
ratios to identify a strong coupling regime.
4.3.2 Significance of Double Rabi Split
A better understanding of the double split or more accurately what the three peaks
correspond to is obtained by plotting the surface charge distribution on the coated ring
for each of three frequencies. Thus we are using the Finite Element Method in the frequency
domain to plot the surface charge density on the gold and the J-aggregate at the same time.
What we obtain is very informative, in fact for each wavelength we have a unique surface
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Figure 4.4: Scattering Cross Section for Coated (Red) and Non-coated (Green) Gold
Nanorings for a fixed minor radius r = 25nm and changing major radius R =
{32, 40, 50, 60, 70, 80}nm
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Figure 4.5: Surface charge density of the Gold nano-ring (r = 25, R = 50) nm, coated with
J-aggregate dye molecules for λ = 623nm,,λ = 670nm and λ = 722nm
charge density revealing the differences in energy between the three peaks. Moreover, a
better illustration of the strong coupling interaction can be obtained through a combination
of the scattering cross section plots into a single contour plot. Three scattering cross section
contour plot were constructed fas a function of the aspect ratio. The first contour plot is for
an isolated gold rings, the second contour plot is for an isolated J-aggregate ring shell that
will be considered as the coating for the third contour plot when considering the coated gold
nanorings.
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Figure 4.6: Contour plots for Scattering Cross section vs Aspect Ratio for J-aggregate
toroidal shell, Gold nanorings and J-aggregate coated gold nanoring
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Figure 4.7: Toroidal plexciton: Gold nanoring residing on a thin coat of J-aggregate dye
molecules
4.4 Gold Nanorings residing on J-aggregate coat on a
glass substrate:
Here we are considering the substrate induced strong coupling between toroidal plasmons
and a J-aggregate coat on a glass substrate. The thickness of the coating here is 10nm. We
are fixing the minor radius of the nano-rings and changing the major radius. The quasi-static
scalar electric potential was derived in chapter 3 using the perturbation theory. The strong
coupling interaction is identified here with the scattering and absorption cross section. In
fact as we can see in the following plots that for a ring of a major radius R = 50nm we
get a total suppression of the J-aggregate absorption band and the toroidal mode while
two new peaks emerged as a response of the plasmon-exciton strong coupling in the new
hybrid system. The Rabi split obtained in this case is about 500meV. However for the ring
of a major radius R = 100nm the absorption cross section is exactly the superposition of
the individual systems without any coupling. This confirming the statement made in the
introduction regarding the strong coupling regime where both spectral and spatial overlap
are required to observe a new hybrid optical response.
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Figure 4.8: Scattering and Absorption cross section for a Toroidal plexciton: Gold nanoring
of a fixed minor radius r = 25nm and a changing major radius R = 50, 60, 75 and 100nm
residing on thin coat of J-aggregate dye molecules of an absorption pic at 693nm
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Figure 4.9: Toroidal plexciton: Gold nanoring coated with J-aggregate dye molecules
4.5 J-aggregate emitter adsorbed on the surface of a
neutral sphere at the center of a gold nano-ring:
This is another possible configuration to investigate the possibility of strong coupling
interaction. We are looking at the scattering and absorption cross section of the complex
system Gold Ring + Coated neutral sphere at the center with a variation of its radius. The
obtained results are confirming that the strong coupling requires a spatial overlap and only
the case where the sphere is very close to the inner boundaries of the toroidal channel shows
a small Rabi split (See the figure).
4.6 Conclusion
We have investigated the strong coupling interaction between toroidal plasmons and the
Cyanine J-aggregate emitter for three possible configurations. The strongest coupling
interaction correspond to the case of a coated ring where we have a spatial and spectral
overlap between the geometry supporting the plasmons and the J-aggregate material. These
results open the door for the next chapter to investigate possible nonlinear effect when the
coated nanostructure is exposed to a pump-probe excitation system.
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Figure 4.10: Absorption cross section for a Toroidal plexciton: Gold nanoring of a fixed
minor radius r = 25nm and a changing major radius R = 50, 60, 75 and 100nm residing on
thin coat of J-aggregate dye molecules of an absorption pic at 693nm
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Chapter 5
Plasmon Interaction with Quantum
Dots
5.1 Introduction
Nonlinear optical material interacting with Plasmons is a new emerging field of research,
where the plasmon resonances are enhancing the nonlinear optical effects. In fact
optical nonlinearities are naturally very weak, thus the field enhancement of plasmonic
nanostructures can play an important role in strengthening these effects. The best example
of boosting nonlinear optical effects using local field of Plasmonic excitations is the Surface
Enhanced Raman Spectroscopy Nie and Emory (1997) allowing for a single molecule
detection. Also we can use the non linearity of some dielectric material to influence the
plasmonic response through a very small modification of the refractive index near the noble
metal surface Homola (2008) known for the extraordinary sensitivity to any changes in the
surrounding dielectric material. Moreover, the optical response of nano-structures supporting
plasmon excitations is in the order of few femto-seconds fast enough to process ultrafast
optical signals resultant from a nonlinear material Utikal et al. (2010); Stockman (2011).
In this chapter we will address the interaction of quantum dots with our gold nanoring.
Using an FDTD numerical model of quantum dots based on a semi-classical approach, the
first model is a simple two level system and the second is a four level system that was first
presented by Chang and Taflove in 2004 Chang and Taflove (2004).
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5.2 Modeling quantum dots
Quantum Dots are currently being investigated for their interaction with plasmonic nano-
structures Akimov et al. (2007), Andersen et al. (2010), Ridolfo et al. (2010). Seen that
numerically studying plasmonic structures is mainly done using FDTD, we will be using a
two level one electron and a four level two electron system to model quantum dots such as
GaAs in their interaction with our toroidal nano-structure as described by in Brunner et al.
(1992) when studying its photoluminescence.
5.2.1 Two level system
The nonlinear response can be theoretically modelled in terms of real and virtual electronic
transitions in a material. Thus we will present a derivation of a two level system as an
example for nonlinear material response. Consider a 2-level system interacting with an










− µ · E (5.1)
where |0〉 is the ground state of an atom in the material, k denotes the mode number of the
















and the dipole moment is
µ = 〈1|er|0〉V + h.c. , V = |1〉〈0| (5.3)








[H, V ] = −iΩV − γV + Ω
~






[H, V †] = −iΩV † − γV † + Ω
~
(n0 − n1)〈0|er · A|1〉 (5.4)
where a damping term was introduced.
Define axes so that µ is along the z-axis. Then
dµ
dt
= iΩ [〈1|ez|0〉V − h.c.]− γµ+ 2Ω
~
(n1 − n0)|〈1|ez|0〉|2Az (5.5)
















|〈1|ez|0〉|2(n1 − n0)Ez (5.6)
where we used d
dt
[〈1|ez|0〉V − h.c.] = iΩµ.
The second term in the coefficient of µ can be ignored, unless the electric field is very
















[H,n1] = −Γn1 −
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To solve the above system of equations, notice that E · ∂P
∂t
is generally small, so we can treat
it as perturbation. Without it, starting at the ground state, we obtain n0 = 1, n1 = 0. For
E = <E(r)e−iωt, we obtain a linear material,
P = < ζ
Ω2 − ω2 − 2iγω
E =
ζ√
(Ω2 − ω2)2 + 4γ2ω2




with resonance at ω = Ω.
At first perturbative order, we obtain
dn1
dt




(Ω2 − ω2)2 + 4γ2ω2
E2 sin(ωt+ θ) cosωt (5.11)
After integrating, n1 includes a term which grows linearly with time. This makes the system
transition to the excited state. Once there, it decays slowly back to the ground state. To get
sustained oscillations, the linear in time term needs to be small. It is proportional to sin θ.
Therefore, it is small when θ is small, which occurs away from the resonance (ω . Ω). We
are implementing FDTD to obtain the response of the hybrid system Gold nanoring with
(R = 50, r = 25)nm and the nonlinear material. Where the two level system model used in
this simulation has the following parameters value for population density of electrons is n0 =
4× 1020m−3, energy level separation Ω = 2.718× 1015rd/s, damping rate γ = 3.3× 1012rd/s
and the radiation-less decay rate of the excited state is Γ = 1.667× 1011rd/s.
5.2.2 Four level system
A less simplistic case would be the implementation of the lasing dynamic of the four level
atomic system. Based on FDTD computational model by Chang and Taflove (2004) we will
present the numerical response of the nonlinear modeled material as a four level system and
its interaction with plasmon supporting nano-structures. The huge interest in understanding
the interaction between nonlinear material (particularly Quantum dots) and the strong
electromagnetic field in plasmonic structures is due to the big enhancement of the nonlinear
effects when placed in such environment. The lasing dynamic of the four level system
model permits to reproduce the response of an actual Quantum dot and understand the
possible coupling with plasmonic structures in a fully computational domain. The quantum
calculation of the four level system is very similar to the two level system presentend in the
previous paragraph with an addition of two more rate equations to include the extra two
energy levels and the corresponding electron transitions. More details can be found in the
reference Chang and Taflove (2004).
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5.3 Numerical Simulations
5.3.1 Two level system
In the numerical simulations we are using FDTD to model the response of QDs interacting
with gold nanoring. Thus we are simulating the transmission in the frequency domain
through a thin film of QDs ( about 50 nm thickness) with gold nanoring of major and minor
radius (R = 50, r = 25) nm on its surface. In figure 5.1, we are showing a comparison
between the transmission spectrum of two cases: first case is without our gold nanoring on
the surface of the material and second case with a gold nanoring on the surface. We can see
clearly that when the nano-structure is added to the QDs the transmission amplitude drops
by two orders of magnitude. The source used has a wavelength of 695 nm, a field amplitude
of 107 V/m and pulse width of 100 fs.
Figure 5.1: Response of QDs modeled as a two level system not interacting (Left) and
interacting (right) with a gold nano-ring when exposed to a high power pulse
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Introducing a Broadband Probe source
In the following simulation shown in figure 5.2 we are introducing a second broadband source
as a probe for our system with a field amplitude of 10 V/m and time delay of 1000fs while
the total duration of the simulation is 2000fs. The interest in using a probe is to see how
possible the excitation of plasmons on the gold ring could alter the transmission spectrum.
Indeed we can see shift in the sharp emission peak that went from 550 nm to 715 nm plus
multiple new frequencies that could be resulting from the perturbation introduced by the
second source.
Figure 5.2: Response of QDs modeled as a two level system without (Left) and with (right)
a gold nano-ring while exposed to a Pump-Probe system
5.3.2 Four level system
The numerical calculations confirmed the lasing dynamic where a new frequency is emitted
by the system that wasn’t in the incident pulse corresponding to 650 nm while the incident
pulse is a very narrow pulse of wavelength 500 nm. Before getting to any results, let’s
distinguish between two possible cases, the linear regime and the non-linear regime. The
Linear response of the modeled material obtained when no significant change happens to the
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Figure 5.3: Response of QDs modeled as a Four level system with gold nano-ring on its
surface.
Figure 5.4: Response of QDs modeled as a Four level system without a gold nano-ring on
its surface.
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population density and the material is responding like a classical dielectric material. For the
linear regime two main parameters of the exciting source are relevant: the field amplitude
and the pulse length. For each simulation showing the frequency domain transmittance we
show the populations density next to it. The difference between the two simulations that
generated the two figures 5.3 and 5.4 is the gold nano-ring that was placed on the surface
for the case shown in 5.3 and then omitted from the next simulation. The transmittance
spectrum form the two simulations is showing no difference while the population density in
the two figures are showing significant change with and without the plasmonic structure.
Thus, we would like to emphasize on the effect of plasmon field enhancement on the life time
of the population density in the excited states for the QDs. The obtained results confirm
prior experimental work showing that the emission life time of the quantum dots are almost
divided by half when placed near plasmonic nanostructures Akimov et al. (2007). The figure
below is showing the time evolution of the population density of two level system example
with and without a gold ring on it surface. The population density for the material with the
gold ring is dropping twice as fast as the material with a gold ring on the surface. In fact
we can see the same effect for the four level system if we compare the population density
evolution in figures 5.3 and 5.4.
5.4 Conclusion
In this chapter we have numerically investigated the interaction of our toroidal nano-
structure and QDs within the FDTD frame. The QDs are modeled as a simple two level one
electron atomic system and a more realistic four level two electron atomic system that could
reproduce the response of actual quantum dots used in real experiments. The numerical
simulations provide an insight to the dynamic of the nonlinear material not accessible
otherwise by obtaining the time evolution of the population density, a key to understand
the nonlinear dynamic. The obtained results are confirming prior experimental founding
related to reducing the life time of emission when placing plasmonic structures near quantum
dots. Further investigations are expected to provide the full description of plasmon modes
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Figure 5.5: Population Density
interacting with similar systems how reciprocally the plasmon modes decay time could be




The focus of this dissertation is on Localized Surface Plasmons in Toroidal nano-structures.
To start we provide an analytical investigation within the non retarded approximation
of the corresponding resonance modes. Four different configurations were presented: an
isolated ring, substrate supported ring, coated ring and Janus like toroid. The context
of the analytical work is mainly boundary value problems. Solving second order partial
differential equations in the toroidal domain was a quiet a challenge even for the simplest
case of an isolated ring. Thus we have discussed some of the reported work in the literature
and presented a full and comprehensive investigation of the toroidal resonance modes for
the case of an isolated ring. We have also implemented perturbation theory to obtain the
substrate induced effect on these modes and the coated ring case. The next task was to obtain
the optical response in the transient regime using two numerical solvers (FDTD and FEM).
An analytical derivation of the scattering cross section in quasi-static approximation was also
presented and showed a good agreement with the numerical results. The numerical solvers are
mainly used for obtaining : First an accurate description of the optical response through plots
of the Scattering and Absorption cross sections, Second the mapping of the electromagnetic
field near the toroidal structures. In fact the investigation of the near-field environment inside
the toroidal channel generated an interesting application of an optical trapping system for
cold polar molecules. Advances in nano-fabrication and coating techniques has promoted the
research in the field of photonics and opto-electronics where strongly coupled systems can
play an important role for developing future quantum technology where coherent coupling
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between single photons and emitters is critical. Thus we have presented the new optical
response of the toroidal structure with a signature of strong or even ultra strong coupling
interaction for the case of coated ring by getting a double Rabi split. An important Rabi split
of about 500meV was obtained for the ring residing on emitter coated substrate. The study of
the quantum properties of light and its interaction with nano-structures known as Quantum
plasmonics is a rapidly growing field of research. In the last chapter we present a numrical
investigation and theoretical modelling of nonlinear material based on two level quantum
system relevant to the understanding of the plasmon-exciton strong coupling interactions
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